GEOMETRIC REALIZATIONS OF PARA-HERMITIAN 
CURVATURE MODELS 
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Abstract. We show that a para-Hcrmitian algebraic curvature model satisfies 
the para-Gray identity if and only if it is geometrically realizable by a para- 
Hermitian manifold. This requires extending the Tricerri-Vanhecke curvature 
decomposition to the para-Hermitian setting. Additionally, the geometric real- 
ization can be chosen to have constant scalar curvature and constant ^-scalar 
curvature. 



This paper is dedicated to the memory of Professor Katsumi Nomizu 

1. Introduction 

1.1. Hermitian geometry. Let g be a Ricmannian metric on a smooth manifold 
M of dimension 2n. Let J give (M, g) an almost Hermitian structure. This means 
that J is an almost complex structure on the tangent bundle which is compatible 
with g, i.e. J 2 = — id and J* g = g. We say that the almost Hermitian manifold 

M := (M,g,J) 

is Hermitian if J is integrable, i.e. if the Nijenhuis tensor vanishes or, equivalcntly, 
there exist local coordinates (xi, ...,x n ,yi, y n ) centered at any given point of the 
manifold so that 

Jd Xi = d Vi and Jd Vl = -d Xi . 

We refer to [5] for further details. 
The Riemann curvature tensor 

R(x, y) := V x V y - V V V X - V[ XjJ/ ] 

of the Levi-Civita connection [6] satisfies: 

R(x, y, z, w) + R(y, z, x, w) + R(z, x, y, w) = 0, 

(l.a) 

R,(x, y, z, w) = —R{y, x, z, w) — R(z, w, x, y) . 

Gray [4] showed that there is an additional identity, which is called the Gray identity, 
which is satisfied by the curvature tensor of any Hermitian manifold: 

= R(x,y, z,w) + R(Jx, Jy, Jz, Jw) — R(Jx, Jy, z,w) 
(l.b) — R(Jx,y, Jz,w) — R(Jx,y, z, Jw) — R(x, Jy, Jz,w) 

— R{x, Jy, z, Jw) — R{x,y, J z, Jw) . 

All universal curvature symmetries for Hermitian manifolds are generated by 
the relations of Equations (|l.a|) and (jl.bj) . By contrast, there are no additional 
symmetries beyond those of Equation p.a[) in the almost Hermitian context. One 
can make this statement precise as follows. Let (-,-) be a positive definite inner 
product on a real vector space V of dimension 2n. Let J be a Hermitian complex 
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structure on V; J 2 = —id and </*(■,•) = (-,-)• Let A £ ® A V* be an algebraic 
curvature tensor, i.e. A satisfies the symmetries of Equation (II .af) . Let 

£:= (V, (;■), J, A) 

be the associated Hermitian curvature model. We say that £ is geometrically real- 
ized by an almost Hermitian manifold M = {M,g,J) if there is an isomorphism 
<f> : V -> TpM for some P G A/ so that <^*g P = (•, ■), </>*J P = J, and 0*i? P = A. 
We refer to [J [5] for the proof of the following result: 

Theorem 1.1. Let € be a Hermitian curvature model. 

(1) £ is always geometrically realized by an almost Hermitian manifold. 

(2) (£ is geometrically realized by a Hermitian manifold if and only if <£ satisfies 
Equation (|l.b() . 

There are analogous questions in the afhne setting. For example, if V is both 
holomorphic and afhne Kaehler, then R = and V is locally flat [7]. 

1.2. Para-Hermitian geometry. Let (M,g) be a pseudo-Riemannian manifold 
of dimension 2n. Let J give (M, g) an almost para- Hermitian structure; J 2 = id 
and J*g = —g. In this setting, necessarily g has neutral signature (n,n). The 
almost para- Hermitian manifold 

M := (M,g,J) 

is said to be para-Hermitian if J is integrable, i.e. if the Nijenhuis tensor N j 
vanishes (see, for instance, [3]), where 

Nj(x,y) := [x : y}-J[Jx,y}~J[x,jy} + [Jx,Jy}. 

Equivalently, there exist local coordinates (xi, ...,x n ,yi, y n ) centered at any given 
point of M so that 

Jd Xi = d Vi and Jd Vi = d Xi . 

In the algebraic setting, let (•, •) be a neutral signature inner product on a finite 
dimensional vector space V . Let J be a para-Hermitian structure on (V, (-, ■}), i.e. 
J 2 = id and J*(-, •) = —(•,•). If A E ® A V* is an algebraic curvature tensor, let 

£:= (V,(^),J,A) 

be the corresponding para-Hermitian curvature model. We change the signs in 
Equation (|l.b[) to define a corresponding para- Gray relation 

= A{x,y,z,w)-\-A{Jx,Jy,Jz,Jw)+A{Jx,Jy,z,w) 

(l.c) + A{Jx,y, J z,w) + A{Jx,y, z, Jw) + A(x, Jy, J z,w) 

+ A(x, Jy, z, Jw) + A(x,y, Jz, Jw) . 

Assertion (1) in the following Theorem was established in pQ; Assertion (2) is 
the main new result of this paper: 

Theorem 1.2. Let € be a para-Hermitian curvature model. 

(1) £ is always geometrically realized by an almost para-Hermitian manifold. 

(2) £ is geometrically realized by a para-Hermitian manifold if and only if £ 
satisfies Equation (ll.cl) . 

Remark 1.3. We make the following observations: 

(1) The results of [T] show that the manifolds in Theorems 11.11 and 1 1 . 21 can be 
chosen to have constant scalar curvature and constant ^-scalar curvature. 

(2) The methods we will develop to establish Theorem 11.21 (2) can be used to 
show that Theorem 11.11 holds for pseudo-Riemannian manifolds; it is not 
necessary to assume that the inner product is positive definite. 
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(3) In the Hcrmitian setting, let fi(-, •) := g{-,J-) be the Kachler form; in the 
para-Hcrmitian setting, the para-Kaehlcr form is defined similarly by setting 
•) := g(- , J '•) . The geometric realizations can be chosen so that dilp = 
in the Hermitian setting or dflp = in the para-Hermitian setting. Thus 
requiring the Kaehlcr or the para-Kachler identity (i.e. dtt = or dfl = 0) 
at a single point imposes no additional curvature restrictions although, of 
course requiring the Kaehler identity globally yields additional curvature 
restrictions. 

1.3. Outline of the paper. Here is a brief outline to the paper. In Section [21 
we will show that the curvature tensor of any para-Hcrmitian manifold satisfies 
Equation (|l.c[) and thereby establish one implication of Theorem 11.21 (2). Rather 
than generalizing Gray's proof from the Hermitian to the para-Hermitian setting, we 
have chosen to give a direct proof which is quite different in flavor. In Section O we 
recall the Tricerri-Vanhecke [5] decomposition of the space of algebraic curvature 
tensors in the Hermitian setting and extend it to the para-Hermitian setting by 
complcxification; this result is perhaps of interest in its own right. In Section [H we 
linearize the problem. We define a linear subspace of the space of all algebraic 
curvature tensors which is invariant under the para-unitary structure group such 
that any element of can be realized by a para-Hermitian metric with vanishing 
Kachler form at the point in question. We complete the proof of Theorem 11.21 (2) 
in Section [5] by showing the elements of are precisely those algebraic curvature 
tensors which satisfy the para-Gray identity given in Equation (|l.c| . 

2. The para-Gray identity for para-Hermitian manifolds 

Let J be a para-Hcrmitian structure on (V, (•, ■)). Let {e a } be a basis for V. If 
T £ ® A V* , we define the para-Gray symmetrization 



G(T)(e a ,e b ,e c ,e d ) : = T(e a , e b , e c , e d ) + T( Je a , Je b , Je c , Je d ) 
+ T(Je a , Je b , e c , e d ) + T(Je a , e b , Je c , e d ) 
+ T(Je Q , e b , e c , Je d ) + f(e a , Je b , Je c , e d ) 
+ T{e a , Je b , e c , Je d ) + T(e a , h, Je c , Je d ) . 
We establish one implication of Theorem 1 1.21 (2) by showing: 
Theorem 2.1. If M = (M,g,^T) is a para-Hermitian manifold, then Q{R) = 0. 
Proof. Introduce coordinates (u\, ...,U2 n ) on M so 

We shall let indices a, 6, c, . . . range from 1 to In and index the coordinate frame 
{£i, ...,^2n} := {d Ul , ■■■,d U2n }- We also let indices a,[3,j, . . . range from 1 to 2n. 
Let 

9ab ■= g(£a,£b), 9af3 '■= g(J£a,J£b), 9a0 ■= £f(^aj J£b), 9ab ■= y(J£a, £b) ■ 

We have g ab = —g a p and g a p = —g a b- Let g ab be the inverse matrix. We adopt the 
Einstein convention and sum over repeated indices. Let "/" denote ordinary partial 
differentiation. Let T be the Christoffel symbols of the Levi-Civita connection. We 
compute: 

Tahc = \{gbc/a + 9ac/b — 9ab/c), Tab^ = g Cd T abc , 

Rabc — &u a ^bc ^Uf,L ac -\- T*ae ^bc ^be ^ac • 

This enables us to compute: 
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Rabcd = 9dfd Uc TbJ — 9dfd Ub FaJ + 9df^ae^b c e — 9df^be ^ac 

= ^bcd/a - 9df/a^bJ - ^acd/b + 9df/b^ac f +g el ^aed^bcl ~ ^^bed^acl 

= Fbcd/a — g^gdf/a^bcl ~ ?acd/b +<7 (jdf /&? acl +g el ^aedXbcl — g^^bedXacl- 

We first study the linear terms in the second derivatives of the metric: 

Fbcd/a — ^acd/b = \{gbd/ac + {/ac/bd — ijbc/ad — {jad/bc} ■ 

We examine the role T^ bcd := gbd/ac pl a ys in the para-Gray identity; the remaining 
3 terms play similar roles and the argument is similar after permuting the indices 
appropriately. We use the fact that J*g = —g and apply Q to compute 

abed gbd/ac ~t~ g/38/a^y ~t~ g@d/ac gbd/cfy 

+ fjbS/ac + fj 13d/ at + §06/ ac + tibS/ay 
= gbd/ac ~ S/bd/ay — %S / ac + flbd/ay 
+ SlbS/ac — gbS/aj — <3bd/ac + %S / ay 
= 0. 

Next we examine the terms which are quadratic in the first derivatives of the metric; 
there are three different kinds of terms which must be symmetrized: 

T abcd '■= g fe gad/fgbc/e, T^bcd : = g^gaf/dgbc/e, T abcd ■= g fe g a f /dgbe/c ■ 

The remaining quadratic terms arise by permuting the roles of {a, b, c, d} in these 
expressions. We compute: 

Q{T 2 )abcd = g fe {g a d/fgbc/e + daS/fSp-y/e + fjad/fgpc/e + Had/fghy/e 
+g a 8/fgbc/e + gad/fgpt/e + gao/jgpe/e + 5a<5//3& 7 /e} 
= g fe {gad/ fgbc/e + gad/fflbc/e + g a S/fgbt/e — gaS/fgb-t/e 

— (jad/fgbc/e ~ [lad/ 'filbc/e ~ g a 8/fgb~t/e + gaS/fUby/e} = 0, 

G(T 3 ) abc d = g fe {g a f/dgbc/e + 9af/&9p~t/e + g a f/dg/3c/e + {iaf/dgbj/e 
+g a f/8gbc/e + g a f/dg/3~{/e + fjaf/Sgpc/e + {jaf/Sgbj/e} 
= g fe {<3af /dfjbc/e ~ gaf/sUbc/e ~ g a f /dgb^/e + fjaf / dSb-y / e 

+g a f/Sgbc/e — g a f/dgbc/e — g a f/Sgb~f/e + gaf/ gb-i/e} = o. 

The final term requires a bit more work. 

Q{T A )abcd = g ie {g a f /dgbe/c + 5a//<5.9/3e/7 + Sa//d.9/3e/c + 3a//dff6e/ 7 
+ ()af /8gbe/c + g a f/dg/3e/~f + (Jaf/Sgpe/c + g a f/Sgbe/y}, 

g fe g a f /dgbe/c + g fe g a f/dgpe/ c = g fe g a f /dgbe/c - g 9e g a e /dgbe/c = 0, 
g fe g a f/sgp e / 7 + g fe g a f/sgbe/-y = -9 6e 9ae/s9be/-y + 9 fe 9af/s9b e /-y = 0, 
g fe g a f/dgbe/~f + g fe g a f/dgpe/~, = -g e£ g a e/dgpe/j + g fe g a f /dgpe/t = o, 
g gaf/sgbe/c + g fe g a f /sgpe/c = -g 6e g a e/sgpe/c + g fe g a j /sgpe/c = o. 

This establishes the para-Gray identity for para-Hermitian manifolds. □ 

3. The Tricerri-Vanhecke curvature decomposition 

3.1. Hermitian models. Let (V, (■,■), J) be a Hermitian structure. Extend the 
inner product to tensors of all types. Let n(x,y) := (x,Jy) be the Kaehler form 
and let 2l(^) C ® A V* be the space of algebraic curvature tensors on V. Set 



GEOMETRIC REALIZATIONS OF PARA-HERMITIAN CURVATURE MODELS 



5 



Sl + (V*, J) := {9 G S 2 (V*) :J*9 = 9,9± (-, •)}, 

^■o,+ (V*,J) :={0eA 2 {V*) : J*9 = 9,9±il}, 

S 2 _{V*, J) := {9 E S 2 (V*) : J*9 = -9}, 

A 2 _(V*, J) := {9 6 A 2 (V*) : J*9 = -9}, 

hi := {U £ GLr(F) : UJ ~ JU and U* (■,■) = (■,■)}. 

Pullback defines a natural orthogonal action of the unitary group hi, by the 
orthogonal group OiV, (•, •)), and by the general linear group GLr(F) on V* ® V* 
and on 21(F). As a GLr(F) module, there is a direct sum decomposition of 

V*® V* = S 2 (V*)® A 2 (V*) 

into the symmetric and the anti-symmetric 2-tensors, respectively; these modules 
are irreducible GLr(F) modules. A 2 (V*) is an irreducible 0(V, (•,•)) module. Let 
S 2 (V*, (•, •)) be the subspace of trace free symmetric 2-tensors. There is a further 
irreducible orthogonal decomposition of 

S 2 (n = ( v ).RffiS 2 (r,( v )). 

Finally, as hi modules, we have an orthogonal direct sum decomposition: 

V*®V* =(v) -K © So.+CV*,^ © 5?.(V*, J) 

© n-R e A2 + (v r *,j) © a 2 _(v*,j). 

If G V*®V*, let #o,+.s, 8-,S, and 0_,a denote the components of 9 in Sq J), 
S 2 (V*,J), and A 2 _(V r *, J), respectively. 

Let {ei} be a basis for V. Let £y := (ej,ej) and let £ u be the inverse matrix. 
Let A £ 21(F). Let r, t* , p, and p* be the scalar curvature, the ^-scalar curvature, 
the Ricci tensor, and the *-Ricci tensor: 

^ 3b j p(x,y) ■= e l: >A(e l ,x,y,e J ), r := e lJ p(e;,e,), 

P*(x,y) ■= e ij A(ei,x, Jy, Je 3 ), t* := e l; >p*(e l , ey) . 

We refer to [8] for the proof of the following result: 

Theorem 3.1. Let (V, (•, •), J) be a Hermitian structure. 

(1) We have the following orthogonal direct sum decomposition of 21(F) into 
irreducible hi modules: 

(a) If In = 4, 21(F) = Wi © W 2 © W 3 © W 4 © W 7 © W 8 © W 9 . 

(b) // 2n = 6, f&(V) = Wi © W 2 © W 3 © W 4 © W 5 © W 7 © W 8 © W 9 © W xo . 

(c) J/2n > 8, 21(F) = WiffiW 2 ffiW3©W4ffiW5ffiW6ffiW7ffiW8ffiW9©Wio. 
IFe /iawe Wi ~ W4 and, i/2n > 6, W2 ~ W5. The other hi modules appear 
with multiplicity 1. 

(2) We have that: 

(a) r r* : Wi W 4 ^K © K. 

(b) //2n = 4, p .+, s : W 2 ^S 2 + (V* , J). 

(c) J/2n > 6, p ,+,s © ^+,s : W2 © m^Sl + (V*, J) © S 2 + (F*, J). 

(d) W3 = {4e 21(F) : A(x, y, z, w) = A(Jx, Jy, z, w) V x, y, z, u>}nker(p). 

(e) If2n > 8, W 6 = ker(p© p*) n {A e 21(F) : J* A = A}n W^. 

(f) W 7 = {^4 G 21(F) : A(Jx, y, z, w) = A(x, y, Jz, w) V x, y, z, w). 

(g) p-, s :W S ^S 2 _(V*,J). 

(h) pl jA : W 9 ^A 2 _(F*,J). 

(i) If2n>6, W10 = {^4 G 21(F) : J* A = -A} n ker(p ffi p*). 
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3.2. Para-Hermitian models. Let (f, (•,•), J) be a para-Hermitian structure; 
the metric is non-degenerate on the space of algebraic curvature tensors 21(F). Let 

Cl(x,y) := (x, Jy) be the para-Kaehler form. We have 

J*n = -n and J* (To = -(TT> • 

Set 

52 (f *, J) := {6 G £ 2 (f *) : J*6> = 6>}, 

K%(V*, J) := {6» 6 A 2 (f *) : J*9 = 9}, 

Sq,-(V*J) :={6eS 2 (V*) : ,1*9 = -9,9 1 (~)}, 

Al_(V*, J) := {9 G A 2 (F*) : .1*9 = -6,61 ft}, 

W:={PeGLi(V r ):!7J = Jc/ and = Mi- 

Fix a basis {e,} for V and let £y be the components of the inner product relative 
to this basis. If A is an algebraic curvature tensor, define: 

p(x,y) := e y i(e 8 ,a;,y,ej), r := i 10 p(e"i, e,-), 

P*(x,y) ■= -i iJ A(ei,x, Jy, Jej), t* := e^p*^, £,•) . 

The decomposition of Equation (|3.a[) extends to this setting to become: 

v*®v* = m-k e Sq_(v*, j) ® s\{v*,j) 

© f2-M © kl_{V*,J) © A\{V*,J). 

Theorem 3.2. Let (V, (■, •), J) be a para-Hermitian structure. 

(1) We have the following orthogonal direct sum decomposition of 21(F) into 
irreducible hi modules: 

(a) J/2n = 4, 21(f) = VVi © W 2 © W 3 © W 4 © W7 © Ws © VV 9 . 

(b) // 2n = 6, 21(f) = VVi © W 2 © W 3 © W 4 © W 5 © W 7 © VV 8 © W 9 © VVi . 

(c) J/2n > 8, 21(F) = Wiffi^ffiWsffi^ffiWsffiWefflWTfflWs©^©^- 

We have Wi « W4 and, if In > 6, W 2 ~ W5. T/ie other U modules appear 
with multiplicity 1. 

(2) We have that: 

(a) r © t* : VVi © W 4 ^K © K. 

(b) J/2n - 4, po.-.s : W 2 ^5 2 _(f *, J). 

(c) J/2n > 6, p ,-,s © pS,-,s : W 2 © W 5 ^S* 2 _(f *, J) © S* 2 _(f *, J). 

(d) W 3 = { A e 21(f) : A(x, y, z, w) = -A{Jx, Jy, z, w) V x, y, z, w} 

n kcr(p). 

(e) If2n > 8, W 6 = ker(pffi p*) n {I G 21(f) : J*i = 1} n W3F 

(f) VV 7 = {i g 21(f) : A(Jx, y, z, w) = A(x, y, Jz, w) V x, y, z, w}. 

(g) p + .s:W 8 ^ 2 (f*,J). 

(h) pl A ;W 9 ^Al(V*J). 

(i) If2n> 6, VV10 = {ie 21(f) : J*i = -A} n kcr(p © p*). 

Proof. Let (V, (■,■), J) be a Hermitian structure. We let Vc '■= V ©r C be the 
complcxification of F. We extend (■, ■) to be complex bi-linear and we extend J to 
be complex linear. We extend an element of 21(F) to be complex linear to define 

2l(Vc) := {A c G © 4 F C * : Equation jLaJ) holds} = 21(F) © R C . 

Let A G 21(F). If is any C-basis for Vc, then Equation (|3.bp remains valid 
where := Let 

W c := G GLc(Vfc) :JU = UJ and [/*(•, •) = (•, •)} . 
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Let {ex, e„, fx, /„} be an orthonormal basis for V where 

Jei = fi and Jfi = —et . 

We let 

gj := V-Le i: fi:=-fi, J := \f—lJ, V := Span M {ej, /;}, 
U:={UeGL R {V):UJ = JU and U*(; ■) = (;■)}= U c H GLr(V), 

2t(y) = a(Vc) n ® 4 y* . 

Since V has a positive definite metric, V inherits a metric (•, •) of neutral signature 
(n, n); the vectors e"j being timclike and the vectors fi being spacclike. Certain sign 
changes now manifest themselves: 

p*{x,y) = -e v A(ei,x, Jy, Jet), t* = e 13 p*(ei,ej) . 

In the decomposition of Equation (|3.ap . we have 

S 2 ± (V*, J)® m C = {9e ® 2 F C * : 9{x, y) = 6(y, x), 6(Jx, Jy) = ±6{x, y)} 

= {9 G ® 2 1/ C * : 6{x, y) = 9(y, x), 6{Jx, Jy) = ^6{x, y)} = S^V*, J) ® R C, 

A 2 ± (V*, J)® R C = {9e ® 2 y c * : 6(x, y) = -%, x), 6(Jx, Jy) = ±9(x, y)} 

= {9 G «> 2 Vc* : 0{x, y) = -6(y, x), 6{Jx, Jy) = t9{x, y)} = K%{V* , J) ®h C . 

This defines a bijective correspondence which derives the decomposition of Theorem 
13.21 from that of Theorem 13.11 The correspondence is reversible and hence the 
modules in Theorem 13.21 can not be decomposed further. □ 

Remark 3.3. We started in the Hermitian setting to deduce a theorem in the 
para-Hermitian setting. Thus the Tricerri-Vanhecke decomposition works equally 
well in the pseudo-Hcrmitian setting by changing both the inner product and the 
operator J. Suppose given integers p and q with p + q = n. By setting 

J— lei if 1 <i < P 
Ci if p < i < n 

/=!/< if 1<i<p 

fi if p < i <n 



fi 



and by taking J := J, we could create a pseudo-Hcrmitian model of signature 
(2p, 2q). The analogous correspondence would then permit us to deduce a Tricerri- 
Vanhecke decomposition theorem in the pscudo-Hermitian signature as well. 

4. Linearizing the problem 
We fix a para-Hermitian structure (V, (■,■), J) hence forth. If 6 6 ® A V* , set 
V(®){x, y, z, w) := 0(x, z, y, w) + Q(y, w, x, z) — 0(cc, w, y, z) — 0(y, z, x, w) . 

Lemma 4.1. If 9 G S^_(V*,J) ® S 2 (V*), then V{&) is an algebraic curvature 

tensor such that the complex model (V, (■, ■), J,V{&)) is geometrically realizable by 
a para-Hermitian manifold. 

Proof. Let {ei, ...,e n , fx, f n } be a basis for R 2 ™. Define an inner product S of 
signature (n, n) on IR 2n whose non-zero entries are 

3(ei,ex) = ... = 3(e n ,e„) = -1 and H(/x, fx) = ... = H(/„, /„) = +1 . 

If v G M 2 ", expand v — Xx&x + ■•• + x n e n + yxfi + ••• + y n fn to define coordinates 
(xx, ...,x„,yi, ...,y„) = (ux, —,U2n)- Define 
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Let 6e S*(V*, J)®S 2 (V*). Define 

(4.a) g tj := + 2Q tjU u k u l . 

Since &(x, y, z, w) = —Q(Jx, Jy, z, w), J*g = —g. Let B e be the Euclidean ball of 
radius e > centered at the origin. Since g is non-singular at the origin, there exists 
e > so g is non singular on B e ; let M. := (B e , g, J) be the resulting para-Hermitian 
manifold. Since the first derivatives of the metric vanish at 0, 

R(d Ui ,d Uj ,d Uk ,d Ul )(0) = \{d Ui d Uk gji + d U] d Ul g lk - d Ui d ul g jk - d Uj d Uk ga} 

= Q ik ji + em - Qujk - Qjku = V{@). □ 

5. The proof of Theorem 11.21 (2) 

Let Wg be the space of algebraic curvature tensors such that the para-Gray 
identity holds. Let 

:=V{S 2 _{V*, J)®S 2 {V*)}. 

*P and Wg are linear subspaces of 2l(V) which are invariant under the action of the 
para-unitary group U. The results of Section [3] reduce the proof of Theorem 1 1.21 (2) 
to showing ?p = Wq- We begin our study with the following result: 

Lemma 5.1. C W G C VVf . 

Proof. By Lemma 14. 1[ every element of <p can be geometrically realized by a para- 
Hermitian manifold. Theorem 12.11 now implies ^3 C VVg- We show Wg C Wf 1 
by showing VV G n VV 7 = {0}. Let 1 e VV G n VV 7 . Since A G VV7, the curvature 
symmetries imply additionally that 

A{ Jx, y, z, w) = —A{Jx, y, w, z) = — A(x, y, Jw, z) = A(x, y, z, Jw) 

= —A(y, x, z, Jw) = —A{Jy, x, z, w) = A(x, Jy, z, w). 

Since A e VVg, we have 

= A(x, y, z, w) + A{Jx, Jy, Jz, Jw) 

+A(Jx, Jy, z, w) + A(x, y, Jz, Jw) + A{Jx, y, Jz, w) 

+A(x, Jy, z, Jw) + A{Jx, y, z, Jw) + A(x, Jy, Jz, w) 

= 8A(x, y, z,w). □ 
We continue our study with: 

Lemma 5.2. 

(1) r © t* : <{? -► K © K -> 0. Thus VVi © VV 4 C <p. 

(2) I/2n = 4, i/ien p s : V -> £o,-(^*> ^) 0. Ttes VV 2 C 

(3) p+,5 : «p S 2 + (V*, J) 0. Tte VV 8 C «p. 

(4) 4 >A : <p -> A^V - *, J) 0. I7hm VV 9 C <p. 

(5) // 2 ? i > 6, fen {p ,-,s © : V ~» {So,-(V* , J) © Sq_(V*, J)} -> 0. 

r/ius vv 2 © vv 5 c «p. 

(6) <p n VV 3 7^ {0} . Iftua vv 3 c <p. 

(7) <pn Win ^ {o}. r/ius Wio c <p. 

(8) // 2n > 6, then «p n VV 6 ^ {0}. T/iws VV 6 C <p. 

Proof. As in the proof of Lemma |4~T1 we examine metrics <? = S+0(|u| 2 ); let A S *p 
be the curvature tensor at the origin. Set v4*(x, y, z, w) := y, Jz, Jw). Let 
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denote the symmetric product. Let g and e be real constants. Consider the para- 
Hcrmitian metric: 

g = H— exf(dxi o dxi — c?yi o di^) — gx\{dx2 ° dx2 — dyi o dt/2) ■ 

The non-zero entries of A are, up to the usual Z2 symmetries, 

A(d Xl , d yi , 9 yi , d Xl ) = — e, 

-4(<9 Xl , d X2 , 9 X2 , d xi ) = g, A(d Xl , d V2 , d y2 , d xi ) = -g . 

Since the {d Xi } are timelike and the {d Vi } are spacelike, t = 2e + 4g and t* = 2e 
so t t* is a surjective map from *p to R ® K. Thus Assertion (1) follows from 
Theorem [372] 

VVi © W 4 C *p . 
The non-zero entries in the Ricci tensor are given by: 

p(d Xl ,d Xl ) = -e-2g, p(d yi ,d Vl ) = s, 
p(d X2 ,d X2 ) = -g, p(dy 2 ,d y2 ) = g. 

We take g = — 1 and e = 2 to ensure p is trace free and symmetric. We then have 

P+,s(d Xl ,d Xl ) = 1, po,-,s(d Xl ,d Xl ) = -1, 

p+,s(d yi ,d yi ) = 1, po,-,s( d yi, d vi) = h 

P+,s(d X2 ,d X2 ) = 0, p -,s(d X2 ,d X2 ) = 1, 

P+,s(9 y2 ,9 a2 ) = 0, Po-,s(d y3 ,d Va ) = -1 . 

This shows that Po,-,s is non-zero on <P; Assertion (2) now follows if 2n = 4 since 
W5 is not present: 

W 2 c <p. 

It also shows is non-trivial on ^3 and establishes Assertion (3): 

w 8 c«p. 

We clear the previous notation and consider: 

.g = H — 4ex1(~ dxi o d.T2 + <ij/i o • 

There is only one non-zero curvature entry A(d Xl , d yi , d y2 , d Xl ) = 2e. We have: 

A* (d Xl , d yi , d X2 ,d Vl ) = 2s, A* (d V2 , d Xl , d Vl ,d Xl ) = 2s, 

p*(d Xl ,d X2 ) = 2s, P*(9 V2 ,d yi ) = -2s, 

p\(d Xl ,d X2 ) = -p* A (d X2 ,d Xl ) =s, p\{d y2 ,d yi ) = -p\{d yi ,d y2 ) = -e, 

p* s (d Xl ,d X2 ) = p* s (d X2 ,d Xl ) =s, P*s(d Vl ,d y2 ) = p%{d V2 , d Vl ) = -e . 

This shows p* + A = p\ 7^ so A has a non-trivial component in W9. This completes 
the proof of Assertion (4) : 

W 9 csp. 

Assume 2n > 6. We clear the previous notation and consider: 
g = H — 2ga;j(— c?a;i o dcc2 + <iyi o cfa/2) — 2ex\{—dx2 o dx% + dy% o . 
The non-zero curvatures now become: 

^(<9 X1 , d yi , <9 y2 , d Xl ) = g, 

A(d xi , d X2 , d X3 ,d Xl ) = -s, A(d Xl , <9 a2 ,d V3 ,d xl ) =s. 

Note that p is always symmetric. We have 

p(d yi ,d V2 ) = -g, p(d Xl ,d X2 ) = 0, 
p(d X2 ,d X3 ) = e, p(d V2 ,dy 3 ) = -e . 

This leads to the decomposition: 
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p ,-,s(d xl ,d X2 ) = |e, p+,s(9 xl ,d X2 ) = 
po,-,s(d yi ,d y2 ) = -\q, p +t s(d Vl ,d y2 ) = -\g, 
Po,-,s(d X2 ,d X3 ) = e, p + ,s(d X2 ,d X3 ) = 0, 
Po,-,s(d V2 ,d V3 ) = -e, p+,s(d V2 , d V3 ) = 0. 
We have: 

A*(d xl ,d yi ,d X2 ,d yi ) = q, A*(dy 2 ,d Xl ,d yi ,d xl ) = g, 
A*(d Xl , 9 X2 , , <9 yi ) = — e, ^(c^ , , 9 yi , <9y 2 ) = — e, 

^ {9 Xl > 9y 2 5 *-^E3 ? ) — ^5 A {dy 3 , , dy x , (9^2 ) ^ ■ 

Consequently p*(d Xl ,d X2 ) = g and p*(d y2 ,d yi ) = —g. This yields: 
Po.-sO^n^) = 3^' P+.aO 9 *!' 9 ^) = 3£> 

If we take g = and e ^ 0, then po,-,s 7^ and _ s = 0. Thus 

{s 2 _(v*, J) © 0} n {po,-, s e pS,-,*}^ ^ {0} so 

{S 2 _(V", J) © 0} c {p ,-,s © pS,.^}^ ■ 

On the other hand, if we take g ^ 0, then Pq - s 7^ 0. Thus we have a non-zero 
component in the second factor and 

{S 2 _(V*, J) © S 2 _(V*, J)} c {p ,-, s © ^,_ >s }?p . 

This establishes Assertion (5): 

W 2 © W 5 C qj . 

To prove Assertion (6), we consider the metric 

g = E- 2{x\ - y\ - x\ + yj}(-dxi o dx 2 + dyi o dy 2 ) ■ 

The non-zero components of A are then given, up to the usual Z 2 symmetries by: 

A(d Xl ,d Vl ,dy 2 ,d Xl ) = 1, A(d Vl ,d Xl ,d X2 ,d yi ) = 1, 

^4(9x2 j ®yi > ^i/2 1 9 X2 ) = — 1 , A(d V2 ,d xi , d X2 , d V2 ) = — 1 . 

We have p = and A(Jx, Jy, z,w) = —A(x,y,z,w) for all x, y, z, and w. This 
shows A € W3 and proves Assertion (6) by showing 

m csp. 

Let 2n > 6. We consider 

5 = 5 - 2{.t 2 + y 2 }(-d.T 2 o dx 3 + dy 2 o dy 3 ) . 
The non-zero curvatures are then 

A(d Xl ,d X2 ,d X3 ,d Xl ) = — 1, ^((9^, 9 a2 , <9 y3 , fl^i) = 1> 

^(fiyj , 9j;2 7 9 X3 , C^j ) = — 1, ^(9 yi , 3y 2 , 9j, 3 , 8 yi ) = 1 • 

We have p = p* = 0. Since J* A = -A, A e VVio; Assertion (7) follows since 

VV10 c ¥ . 

Let 2n > 8. We take 

g = E- 4{.ti.t 2 + yiy 2 }(-dx 3 o dx 4 + dy 3 ^4) • 
The non-zero curvatures are 

A(d xi , d X3 , , d X2 ) = A(d yi , d X3 , 9 X4 , d V2 ) 
= A(9 a;i , d X4 , , ) = A(d yi , 9a; 4 , d X3 , <9 y2 ) = — 1 , 
A(d Xl , 9 y3 , 9 y4 , d X2 ) = A(d yi , d V3 , 9 y4 , d y2 ) 

= -4(9 X1 , dy 4 , 9y 3 , 9 X2 ) = A(d yi , 9y 4 , 8y 3 , l9y 2 ) = 1 . 
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We observe that p = p* = 0. Since A(Jx, Jy, z, w) ^ — A(x, y,z,w), A ^ VV 3 . Thus 
A has a non-zero component in Wq © VV7. As _L W7, A has a non-zero component 
in VV 6 and Assertion (8) follows; VV 6 C <p. □ 

Proof of Theorem ["Ol (%). By Lemma [5TT1 we have *P C Wg C VV^. The assertion 
C ?P follows from the Tricerri-Vanhecke decomposition described in Theorem 
13.21 and from Lemma 15.21 □ 

Proof of Remark \1.3[ The construction given above yields M. with dCl p = realizing 
the given complex curvature model £ at P. Imposing the para-Kachler identity 
d£l = globally would imply that R G VVi © W2 © VV3 so this is not possible in 
general. In |T], we considered a further variation 

h := 5 + 2£(da;i o dxi — dyi o dy!) + 2r\(dxi o — dj/2 dy2) 

where 77} are smooth functions vanishing to second order at P. We showed it was 
possible to choose {£,?7} so that the resulting metric had constant scalar curvature 
and constant ^-scalar curvature. Since vanish to second order, (M,h,^f) 

realizes £ at P as well and dil^ tV = 0. This establishes Rcmark ll.3l □ 
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